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PREFACE

This Memorandum describes one of the first Project RAD studies

in a continuing research progran on heat and mass transfer in boundary-

layer flow. This work formed the basis for subsequent, more complete

studies on the problem of re-entry heating, uhich were sumerized in

RM-2516, A Review of Binary Boundar Layer Characteristics, by J. Fo

Gross, J. P. Hartnett, D. J. Masson, and C. Gazley, Jr. Although the
work was done in 1956, major portions of the analysis still represent

a unique contribution.
The results reported herein were first presented (orally by C.

Gazley, Jr.) at the Mss-fransfer Cooling Symposium hold at Te RAW

Corporation in June 1957.
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SUMARY

This Memorandum reviews the problem of a laminar bounday layer

on a flat plate with mass transfer. Previous work is reviewed and

the fundamental equations are derived. The case of an incompressible

laminar boundary layer without heat transfer with hydrogen. carbon

dioxide, and Iodine injection is solved. Velocity and concentration

profiles and skin-friction coefficients are calculated and discussed.

It is shown that surface injection of a foreign material into the

boundary layer reduces the skin-friction coefficient. The stability

of an Incompressible laminar boundary-layer with mass transfer is

estimated using the Lin approximation and is shown to decrease as

the molecular weight of the injected substance decreases.
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LIST JF SYMBOLS

Au4 - coefficients in differential-equation system

af Rex  a local skin friction parameter
e

€ v = ml on mt'ration of diffusing compamnt at the wUl

a I mass conoentration of it" caponent

cp - specific heat of itu cconent,p1

D L4- molecular-dffteslmn coefficient

DI D a thezual-diffusion coefficients

f - diensionLess stem function

gi- chemical potential of ith coompnent

hI  a entbalw of i t " oponent

,3 . iffusion =Los VelocitV of ith 0=10=et

k - volume viscosity

- therml conductIVI1V'

L - hauwacteristic length

N - mnolecular 1 t, of thoa~ponet

n - molecule Foganentation of th capoemnt

P - weswe

Pe = p p /ke, PrndtIL mmber

= -best f2ux vector

R on constant

ROL~ - L p.P./p*p Rey-nolds ie

Be - p/idPDbe

a-entraw

T a tempeaxture

t a tm
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U Vel1ocity at edge of boundar lawsi

- Oet4W-of-Mss v61o1t,

a diffusion velocityr of i ocaamnt

a a them' -diffuslon coefficilt

a1  - we m=bar of disturbane

7 average mass Velocity of L m conmt
v* tb amo,,refleive of V

- bo tday-layer thickness

11 diunsau.ase variable

A a Viscosit-

p *denslV~

or rate of entropy Ioduction

s tres tensor

js s:,rOt . tabuated values given In Ln and D(5)

= * strom fUn.tion



-1-

I. IM'3OUCON

The binary laminr boundary layer my be defined as a lamIna boundary

layer In which a foreign substance is diffusing. For manV years scientists

connected with the aircraft industry have been searching for possible methods

of controlling the boundary layer on the surfaces of aircraft and missiles.

It has been shown experimentally that the friction coefficient for the turbu-

lent boundary layer may be from two to five times as great as that for a

lamin layero Terefore, successful efforts to control the transition

point from laminar to turbulent boundary-layer flov would be rewarded by

significant savings in power requirments for the vehicle. This has re-

sulted in some critical analyses of the stability of the laminar boundary

laer, i.e., the causes for the Instability and the conditions under which

it occurs.

Several methods for controlling the boundary layer have been proposed.

Removing part of the boundary layer through a slotted or porous surface

prevents thickenin of the boundary layer and consequent turbulence. How-

ever, this method also increases the friction coefficient and thus is

Imited in its applicabili y. It is also possible to design the airfoil

in such a way that transition is delayed as long as possible. However,

structural, armo, and fuel requirements play a very important part in the

design of an airfoil, and it my be necessary to abandon some conditions

in order to fulfill others. Beyond that, the difficulties in aerodynamic

design at supersonic speeds are well known* Finally, it has been shown

that the boundary layer may be stabilized by cooling. This presents three

possibilities: (1) direct removal of heat by conductions to a heat sink.,

(2) Injection into the boundary layer of a lIghtweigit, hi&-heat-apacity



Sas, or (3) use of a solid surface which would sublime or vaporize into the

boundary layer at elevated tenperatures. The latter two possibilities n-y

involve a binary lIina boundary laer.

The direct reuoval of heat by transfer through the skin to a heat sink

can be shown to be an order of magnitude less efficient than the latter

tw cooling methods. In the case of extrenmly high fl3Jit speedst  a qaptan

employing this method might become incapable of handling the heat loads al-

together. Eckert, Schneider, and Kaler(l) have shown the beneficial re-

sults obtained by Injecting a lihtweight, high-heat-capcity- gas into the

boundary layer. They do not take Into account the fact that high rates of

Injection of a lightweiht gas act in a destabilizing manner and might

bring about early transition to turbulent flow. As pointed out above. this

is undesirable from a design point of view. Injecting materials of higher

molecular weight into the boundary layer viLl not give the lov friction

coefficients that are obtained vith hydrogen. Howver, the delay in tran-

sition to turbulent flow y wal be the deciding ftator here. A quali-

tative stability snalysis will be necessary to Indicate the proper cooling

method.

A crude method for determining the stability of a cagrssible lminar

flow Is to observe the variatien of the quantity pdu/&y through the bounda-

rY layers If this quaantityr has a point of inflection for some u/u. > 1 e /

(see Curve 1 of text figure belov), the flaw Is unstable at sufficiently

high Reynolds ntubers. (2) Curve 2 shove the wses for a stable fl v and

CurVe 3 Indicates a neutral situmtien. If. then, the shear ridns essenti-

ally constant for the addition of simll anonts of foreiga saterial to the

boundary lamr, it night be possible to irove the shape of the pdu/dy



2 (stable)

dy

Y

Variation of p -- in the boundary layer

cur've by Increasing the densityr and decreasing the viscosityr of the binary

boundary layer, It should be noted that this alone Alli not bring about

the desired result, for It Is essentially a change of sign, and not magnitude

only, that is of Interest here. Previous workc has show that the Lntro-

duction of a forelgn, diffusing substance Into the boundary layer produces

a change in the velocityr profile by the addition of a vertical velocityr

caqonente The magnitude of this effect will depend on the properties of

the Injected mnaterial. In general,. lov-densitr substances Aill be mve

destabilizing because they are more effective in reducing the flow acceler-

ation near the wall. Th~is InILies the apparance of en inflection point*

KIgher-dansitV materials *Loih do not decelerate the flew a'igniflcsntl

Vill as a conseuene reduce the skin friction by only a MOR1 mIO'4t.

These two opposite effects must then be considered. A laiw-density material

viii caus a large redution In akin friction but may destabilize the boundary
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layer to such an extent that tansition viLi occar. A hi4i-densty Injection

material will not bring about an early transitions but the resulting skin-

friction reduction wll be minma. aSom comromise will be necessary.

On the basis of the above argumuntse it ould seem reasocable to search

for mterials possessing relatively hig densities and low viscosities. Two

such substances vIAch are feasible from a practical standpoint are carbon

dioxide and iodine. Both of these materials sublime, so that it may be

possible to employ them without the attendant use of transpiration-cooling

plmbing. A qualitative analysis will be emplyed using the Isothermal

boudary layer.
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MI P'WDJMI2ML NIUTIONS

The equations governing a 'am binary boundary layer flov ill be

derived brIe2,y following closely the analysis of all. (3) In general, w

shall be concerned With a .tiempe nonreacting system Our furtier

assvqptions vIll be

1. Isotropic medium

2. Single-phse and locally hanogeneous medium

3. No external force field

if. Tranisport phencasn linearly dependent upon property gradients

5. Diffusion velocities mall in absolute magnitude

6. steady state

Since the system is assumed to be nonreacting, the generation term

does not appear and the continuity of mass for each cmponent may be ex-

pressed as

Where ni is the nmiber of molecules of species ± per unit volume and

is the diffusion velocity. Sumuing all the components gives

~t Yp o(2)

,where

.mini LP. (3)
£ I

and

P =L min.(v, (+v)it



-6-

the last equation defining the center-of-mass velocity V. The diffusion

mass velocity is measured by the relative mass motion of a particular

component with respect to the center-of-mass velocity:

J . min1  - mini(7i - v) (5)

7herefore

V j, P . V.+vv i .vc J (6)

and, fina3-y
dc 1

P Tr +v" j±=o (7)

Equation (7) is referred to hereafter as the basic diffusion equation.

The equations of motion are simply the vell-knon Nler-Stokes

equations, shich have been derived in detail in Ref. 4:

-a -vP, +V. (K - + P) (v + v* )(8)

It should be noted that all proerty values are taken as the local values

of the mixtures*

The Syer87 equation can be obtained by considering the tim rate of

change of energy content, the convection of enervr, and the flow of work,

Neglecting diffWeoes betwen copoent kine9tc energies gives

V . [t#ot +o tense (9)

I*viscous stress tensor

enmerg flow vector
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The second term in the brackets describes the diffusion of work due to the

action of the stress field; the last term describes the diffusion of energy

rather than heat. In a multicomponent system careful distinction should be

made between heat flow q and energy flow Qp which includes the effect of the

diffusing components.

Introducing the equations of motion and continuity results in the

following simplification:

pv~w-~v + , q- .w~o(10)
PV - Vii - V * Vp + V * q - I* VV = 0 (0

Now, it may be shown in classical thermodynamics that the rate of

change of enthalpy is equal to the change of heat occurring through any

thermal transfer mechanism (closed system) plus the heat change brought

about by concentration variations (open system):(5)

dh dc TS 1 1 dp

where

41 - chemical potential of ith component

S - entropy of the system

In order to solve Eq. (11), the first two terms on the right must be

evaluated or expressed more directly in the properties of the system. In

irreversible thermodynamics (6) it has been shown that an entropy continuity

equation may be written:

P t + V (12)

where

8 a entropy flux vector
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a - rate of irreversible entropy production

The term on the left indicates the total change of entropy within the

system. V • s is the reversible flow of entropy through the bounding sur-

face and a is the rate of irreversible entropy production.

Tbe reversible entropy flow vector is given by

U (13)

and

Qa q hi~ 14
i

where

hi  - partial enthalpy of Ith component

Combining Eqs. (10), (11), (12), and (13) w Obtain the following ex-w

pression for the rate of irreversible entropy production:

Tan- q . VnT-I 1  .X% += OV (15)

where
h i

Te kinetic theory of dilute gases ( 7 ) gives expressions for the flux

vectors for energ and diffusion:

. -X,. -pI D
q V VT - p n m d(7
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DT 2
- .-. VT. + .1u3D1i (18)

3

The D t are generalized diftasion coefficients, the Dw we generalized
I

thermal difftusion coefficients, and . Is the "rest" thermal conductivity.*

he i s given as

n. "A j ~ Vn + (njY± - ai)V In p (19)
P ~ T,p

where

; -= the parztial olal volume

For a mixture of ideal gases, Eq. (19) becomes

ni ni
d _ - (_ F) Vn +(-.) l p(1

For a perfect gas, Eq. (19.) reduces to

R iT V ln p + RiT V n (2) (19b)

Substituting d= into Eq. (15) and noting-d 0 results in di i .i
Equations (17) and (18) indicate a linear relationship betwe n the fluxes

q and 3 and the "forces" V in T and ii. 'hes Onsaeui reciprocity relations

uhich ae valid for such linear relations gLve

DT n D Dij Dii (20)

This is the thermal conductivity viiih describes heat transfer sole-

ly by conduction without the convective effects of the induced thermodiffusion

flow.
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Fiallys using Eq. (4) and eliminating from Eqs. (17) and (18) per-

mits us to write

T - + ,T (21)

and

*D~ [j W (k 3  di) -kTV In T] (22)

where k is the usual thermal conductivity and T is the thermal diffusion

coefficient. It should be noted that k inclAudes the condcting effects of

the induced diffusion stream and does not reduce to k eve for = 0.

q k - VT' -WT (22a)

It midht be noted that k and ) diffir by a negligibly small mount for

materials with hi&h molecular weights. If w are concerned with lidit parti-

cles such as electons, then this diffrence bemes sigificant.

Since the problem concerns a two-compoint systan, the equations vill

be simplified for this special case. The comonets are related by the

following cendtions:

c1  + c 2  1 (23)

11 + 12 - 2

Then the equations can be put In the foi

+ V. PV -0 (2)

dc0 +V j - 0 (2If)



dv
-Vp.3 (-,)vvgwV) (8)

q V CT 1  (25)

- D 12D [va 1  + M a, 1(1w ciV In p + cre(1 - c1 )v in TJ

Cl a kT
ac
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MI. BOUNDM-IAXUR B"JTIQIS

Consider the problem of a binary boundary layer on a flat plate. The

equations governing the flow of a single component gas over a flat plate

are well known and have been extensively investigated. A solution of the

binary-boundary-layer equations will require a careful order-of-magnitude

analysis to determine if any simplifications are permissible. This has

been done by Hall. (3) The analysis of the mass-diffusion will be repeated

here because of its Importance in the problem.

Let tvo new variables X and Y be defined and nondimensionalize U, v

and c as follows:

- u - v x el i (26)
eS ueL i

L - characteristic dimension (x-direction)

5 = thickness of boundary layer

u - velocity in the x-direction

v a velocity in the y-direction

C 1W- concentration at the vall

e - properties referred to edge of boundary layer

Substitution of new variables into Eq. (211) results in the transfor-

mation 

cl

f {iD} + .,{ . ic1 }

+~ ~c +> 'Z a ln ,-, ,,----.x + ccciv - 1
1 X In - e"-l iv a3z

D12 2 ? X X + "'Pe zpal J i~ I ea

(27)
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The two terms on the left side of Eq. (22) Vill be cMpared first. An

order-of-magaitude analysis of the continuity equation indicated that

v - O( u). This Implies that both terms are of 0(-). Since it is

postulated that L >> 8, only the first term on the right side of 0( )

be Important under the conditions stated. If a difiusion boundary layer is

to exist, both sides nust be of similar order of magitude:
u e  D 12

o(e) - O(T) (2)

This may be rewitten as

o(Lf) - 0( )(29)

If the diffusion boundary layer is to be slmilar to the ratenu boundary

layer, then it is evident that

sc - 0(1) (30)

Nothingl further can be stated concerning the terms within the brackets

until more information is available about the derivatives and their coef-

ficients. Consequently, the final form of the diffusion-boundary-layer

equation is

~cl - ~ r iln -
Pu +pV . + cxc(l - I)

(31)

The other boundary-layer equations are

2-uo+ P. .=0 (32)
ax y
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0..o (34)by

PaaAT py- P 31) + A-U) (35)

By Fq cIMDgJ + pD,2(CP2 -epl) BT

beCl
+ aXc(1 - cl) I T (36)

If we assme that the similariV condition applies, i.e., that the depend-

ence upon x and y can be cmbined into a single variable giving the normal

position with a scale adjustment according to the position along the plate,

then the system of partial differential equations may be transf=ed into

a set of ordinary differential equations. The variable I is defined as a

dimen ionless quantity by

e u L p * U 
( 3 7 )

It should be noted that the introduction of this parameter may restain the

functional dependence of the unkowns. For instance, it will be shown

later than v(x) mst be proportional to 1/x if the equations are to edi-

bit unidependency. For the case of sublimation or oton, the species-

conservation equation at the surface yields the required v(x) proportional-

ity. 1urhermore w deflne a stream Nfntion

T f V ;e (38)

*Loh satisfies the contimuir equation

pe Ay . Pu, Pe -P - (39)
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if these fLnction are substituted into the boundary-lawer equations., they

take the fors

d (f di

e + e  _M T + (0 d i n Tj (14)

(142)

Becumse the system of equations is of the seventh order, it vill be neces-

sary to provide seven boundary conditions. These will vary vith the type

of mass transfer that we are interested in. Eckert. Schneider, and KMaler

have solved the problem for the case of injection of hydrogen into a stream

of air. (1) At the outer imAits of the boundary layer, the cnditions will

always be the s :

y-e T n Te

u . u e ( 3)
U = 0 ( 3

In teas of our now variables, this pears as

Tmef =2
T To (44)

1 = 0

2flese equations have been solved by Eckert for the case of a porous plate.

He found that by Injecting a -11 ssount of lihtwi - , higi-heat-cepacity

as, It is possible to reduce considerably the mount of heat removal from
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te Plate. His eqpatis ver sinplifted in the same that he assimed the

thmal diffusiLon ooefficient to be swo. He did not Investigate the ata-

bilItW dhasateristics of the system.

The olew1dty of the system of equions wichi must be solved In order

to investigate the velocItyp tiyrera'wre, and con enration profiles is such

that it is Moessary to perform a mabine calculatio. First, the equations

must be put Into a system of first-order Runp-uttas e satioms. We let

f Y o T ay 3  cmY 5

f

- T Clm 6 (4i5)p
!IS 1 l

PY1 Y2  T ay aY 6

e bondary-layer equations may be put In the following fo s:

Aijy 2 j m D (4.6a)

A a 1 (46b)

A 3 - o (46c)

A 2 .o (Ve)

A -2(1 - Y5) (46f)
2 lY

3

A 32 (4&6g)
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A31 0

Wa2

A a - -y 1 (I.6j)
33 p.

D. (i&6k)

N.~~f YII 1150
D2 YA!560+ 1Y6 + O5(l YO)~~ J J

7 I f 73I

G6 - Y5) L4 5 ( -y 5  L457 y

+ a r 5(i Y) 2 (463.)

D( - y (4a)M I

3p p I

+ a 4 + ct MR a Y

1 Y6 -a9(l- 5  y W)C}

-}3+112 {6 + +al-Y5 ( y5)

c'45(1 - y5 ) (II.6 c'5l O)
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Mhe Wstan of equations contained In Eqs. (46. - a) ap ears In Runp-sotta

method as

yo - Y: Y - 0S2( o. Y 6 )

I I

Y2 - f(yo ... Y6 ) Y - f3 (yo "" Y6) ( 7)
I

y3  - Y

Ndeie fl, f2 , and f 3 are obtained by solving the system of Eqs. (46a - 0).

Before solving, howver , It is necessary to specify four other boundary

conditions. At the surface the'e are three obvious conditions:

yr a 0 UI 0

T Tv (1e8)

To account for the other boundary condition,, w observe tAt the oooevctive

velocity of the forein p passing throust the tenuous channels of the

plate vll be large coared idth the mass velocity of the air. In other

ords, w say that the mass of air iiLh enters the plate Is negligIble.

)othnaticaly, the diffusion current for the air Is given by

J2- *2P#2  (49)
According to the sams tion that the mass velocity of the air must be zero

# #2 ' o for y (j)
2esurfae diffusion current for the foreign pa becomes

j be,~ ~(1
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Transforming into our new variables gives

w  d l  (52)

It should be noted that the situation is quite different for a subliming

solid. In this case there Is no question that the mass flow of air back

through the plate is zero. It is Important, howver, that the flow of

forei gas is coupled to the teerature boundary laer by the heat of

sublmatiLon. hs can be related most simply througb the Clapeyron-Clausius

equation

d (53)

If we are considering subma o p is the vapor pressure over the solid;

AV - Vg - V af Ve sin Vg > Vs; and Wit in the mo3la heat of Smat.on.

Now if w samre that the gas is Ideal and that the heat of sublimation is

a function of t eabe ly, we obtain

inp 1 j HtdT (54)

Pv Tj T2

,where T, is the tug aure at itch the pressure is 1 aba.

The introduction of a subliming solid complicates the boundary con-

dit oes, because the imli tuuperature and concentration are no longer vari-

able. Fo the case of transpiration oooling under a given set of external

flow conditions, the mass injection rate (a variable boundary input) controls

the concentration of the foreig A at the suface and this in trn per-

mite the oboice of a variable surface taqmratre or heat transfer. Sub-

limatio cooling Imposes another condition, namel, a relati pbet n

the surface tizperature and concentratlon. The heat of sublim on, fixes
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this depdesndoe as shom in Eq. (54). Fotarte! e, t heat transfer at

the vall is related to the heat of sublinatio in the :floving vay (assming

no radiation or eonduction losses):

(OY) qV (5a

lt should be noted that the qv takes Into account the last blocktng action

of the foreign ges diffusing through it. Oe injection rate, therefore, is

not arbitary as In the previous case but in a function of heat flux and

heat of sublimation. Choosing a material essentially fixes the heat of

sub3nation (except for a mall depende on tm=eabt-e). A vail tnm -

atre nov deteines the vall conoenrationj, hene the injection rate and

finally the heat transfer. This heat-transfer rate must satisfy Eq. (54a).

The problem of handling the camplex boundary conditions can be most

easily taken care of by setting up another set of linear equations ii.ch

must be solved s~nltaneously with the original system. Thxe Rung-Kutta

method requires only initial conditions, and so a series of initial guesses

as to the original conditions viii be required. !he guesses vill lead to a

set of solutions ihich my then be cpemred with the boundary conditions at

the outer edge of the boundary law. A perturbation of the initial guesses

and an emmaination of the results of the perturbation on the eand conditions

will then permit a linear cmpensator to adjust the initial guesses until the

final boundary conditions are met.
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IV. N~UMARY-IAM S!LBIT

2hie solution to the boundary-layer equations having been obteined, it

vill, be necessary to investigate the stabilityr charateristics of tbe

lmuinar cm~esibl boundary layer with subl.imation. Lin and Dunn have

ohoms that an oi'dar-of-magibde, analysis of the om~plete linearized equa-

tioun for a three-dimensional, disturbance imosed upon a tu-dimnnsional

boundary 1syr Indicates that they an be reduced to such sisplar term in

thae first a-odmi -. (8) Mhese simplifiedi equations amre til valid at

hi&a free-srem Mach m bra Haweyer, the accuracy of a first airai

nation may not be great, so that higber-order pr1,mations may have to

be considered. Lini and Dunn also found that the conclusion reached byr

Lin and Iees, naey, that the relationship for the characfteristic values

is Independent of the teaperature fluctuations and the boundary conditions

Imposed upon them, is restricted In general validity to subsonic and ulightly

supersonic Mach niubers. At high Mach ntubers the relation for the charac-

teristic values depends in general upon the thermal boundary conditions.

F., termrI L in and DuXn have developed a method for dtermining the

stability characteristics of a cmpressible boundary layer *L~oh they feel

Is quite accurate up to a Macb muber of tw. it is believed that their

results Can be extended to Mach-nwuber values as high as six.

2he Wrk of Lin and Dumn wa not concerned with binary omressible

boundary layers. Thecretically,. a new set of equations must be obtained

including the difflasion equation. Thle mathematical difficulties of solving

such a system of equatios even though they are linearized, is very great.

Instead, as a first aIromain it might be possible to use the velocity
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and temperature profiles obtained from the solution of the above

equations in the Lin and Dunn method. This involves assuming that

the concentration at the surface is exceedingly small, that the

diffusion velocity is negligible, and that the effect of the foreign

material in the boundary layer, as far as stabilization is concerned,

will be evident only on the basis of the velocity and temperature

profiles. This assumption has been shown to be correct by E. E.

Covert.(9)
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V. NUMEICAL SOLUTION

Before Eqs. (46a - m) can be solveds it will be necessary to indicate

some relationship between the thermal properties and the temperature and

concentration at any given point. The boundary conditions must be more

carefully defined. Equation (52) accurately defines the relationship at

the wail between the velocity (of the foreign substance) issuing from the

wall and the concentration of the foreign substance at the wall. However$

in the case of a binary boundary layer, the temperature difference existing

at any point also causes a diffusion of material. Of course, this is also

true at the surface, and therefore the boundary condition of Eq. (52) is no

longer quite correct. Instead, it can be shcvn that the influence of the

temperature gadient on the mass transfer at the ill can be taken into

account by Including a thezmal-diffusion term in our original equation:

de
P, 1 (T

f 0,cil (J.cxY-civ-i k(5

Equation (54) can be rearranged so that It Is mre amenable to calculation.

If the total pressure is pe and the heat of sublimation Is a function (quad-

ratic) of tempereture only, the equation can be put In the fom

In N1  a Rr (S1 + 2 T + 3 )dT+ k 3 (56)
,?

If It is assumed that the v concentration will alveys remain nall. then

Eq. (56) ca be inteated and rearranged to give



thseven bimx a1onditios mW nv be bzws t topthme m A In+t the

nev coordiate snyu as falbow:

y .(-) - 2 (U)

y5(m) 0 (58b)

Y3(-) - . (ON

_r(0) - 0 (58d)

(0); 0 Y5 ( ) - i . Y , O } 74(0) ] (589)

i YO(o) ' .(

+ B {73() Y3 (1)l P 2  (58)

The thermal properties must nov be calculated in terms of the temerature

and concentration at any given point. For reasons Indicated elsewhere in this

Memorandum, the diffusing substances chosen ware iodine and carbon dioxide. The

thermal properties of these materials ware investigated, and those properties

which vere not available from experimental data were calculated using statis-

tical mechanical formala. In all cases, the properties were represented

in a power form rather than the original formula, e.g., the Sutherland vis-

cosity formula. In this Wy, the number of constants required was reduced

to a minimum. All thermal properties have been normalized with respect to
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air at the free-stream temperature. These normalized woprties re represented

In the tolving wm r:

Dastr

- kV3 3y V (1 -11S (60)

Scmidt mmbew:

N - kj 0  (63.)
73

Thervol dif- wdvity:

a.0 %k',3 + (62)

Pure omonent ther al cvaci.

a k1 5 +k 1 6Y3 + (63)

Mixture thermal oapeodty:

-2 k, + v1k 2 + k4+ k1k 2
vir2 + 125

k27 k29k3. 2Y3 12 - ky3

1 -y y
V, + k 3 Y v2 -1 +k 3 Y5(65)

nxuzzre molecular wit..

kil MIN2(66)
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amae of the vaeUs for these constents for the case of lodim vapor - ar end

carbon dixide - ai xtues are given in Table 1. To solve the equstionsp

the floUoving onistants muat be speoifled: K13,p Hip Rip c p , tep Map, end Na.

3n adition, either the -een'at on or' the tmpeatre at the vmi must be

specifed..* The pradlante of the tw-qat~ue and owooetration at the wll

are also required$ but unknown. It vii be necessary to guess these lIn ac-

cordance vih our iteration system so that the defined boundary conditions

at the outer edge of the bondary laqer reslt upon ntegmpton.



-27-

Table 1

C01W.A1FI F0EB IIJLT cGOD PIROPUJL!Y 3Q.ATIOU8

constant 002.a'r Iodine-air

k,-0.341 -0.888
0.855 0 .61.5b .8

k 3 o.7640 0,883c

q 1921405 2.31158
k -0.2405 -1.,458

k1a .125 1.125

!i 0.625 0.625
kj1.21405 1.0000

kg -0.2405 -0.67053

k1o 1 .02b 1.004c 1. 9 3 3b 1.613c

kU 1 -7b 1 .6 6 c 1.87 1 .7
kl2 o. 6 3b o.n9 2." b  0.23

-.8 0.00 .. b co
kj1.jb c.0 -2426 -0.1768c

k1 -0.21, -0.755

k 'a 0.071 -0.073

k -o.oo46 0.003

18 o.877 0.877
k9 -0.207 -0.75

NO 0.12l 0.125

-0.0036 -0.0048

k22 -0.075 -0.075

k2 3 -0.0048 o.W8

k24 1.62 0.5271
k5-0.6563 -0.0695
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Constant 002 -air Iodine-air

k2 6  1.15 z 1.12  1015 z 10"2

k2 7  0.859 0.859 .2b  o.,

k28 6.o74 z 10- 3  1.09 z 1.56z 10
k 9  1.396 1.15 0.833

k32.0976 7.676
k 11.5361 016

alues obtained from experimental data.
imensionless absolute temperature less than 3.CDimensionless absolute temperature more than 3.
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V1. muABI= CARACmffu=C8

As indicated eviouslys the stabilit~y duatistics of the diffuasion

ystum viii be mxaned by pac4n tbe t4uierat e and veloci y rofiles

obtained frm the solutim of Eq. (47) into the Lin and Dunn itod.

The theory prcposed by Lin and Dunn viii not be presented heze, but

rather the unerical procedure to be used In calculating the neutral sa-

bility curve. irst, we define two functions v( o) and X (c) se foflow:

V(C) - y2(O)y (0)T +~ -= (67
32 (67

U-0
)() Y2 ( 0 )  ;(0) 1 / 2  

€ 11 -_ l .

2 01/2 2 ~ )-x ;)=y(o) -, 2 Jo
(68)

Given & y3 (0), v(c) and X(c) can be detezuined fr any y1 (c). The follow-

ing approximation shme is suggested:

0,(z, l ) - (' + 41v (69)

(+ kun) 2+ X 2

u'" . r(zn1') (l + xun)1 + X • (70)
1 (l+ X) (l + xe) I

In Eqs. (69) and (70).. O:z) and Or(z) are Imomn, functions of z; a tabul-

ated set of these functions may be found in Lin and Dunn's report. (8) Sinc

X is Usually U, Jinitial guesses for the aproxiations scheme may be

Oi(z) - v(c) u - Or(z) (71)
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For a given value of y3(0), v(c) and x(a) may be detmined for a given

yl(c). Nov v(c) defines an initial z khich is used to obtain an initial

value of u. From Eq. (69), Oi(zz"') is calculated. The zn l a un are

put into Eq. (70) to calculate a now u n+ . Mn this vy, it is possible to

obtain a solution (z,u) for each value of y1 (c). Te vae nimber is nov

calculated from

k P i+4y (0) P(O)____ __y(c

= k~H1 + {u) (e) 3?Y1(c)y 2 (o ) - -- (k1 o + k1l + k 1 4]
f4y 3 (0) P(O) 21)

(72a)

r (c)12
k 1- Li ] (72b)

[- Y()/2] 2

and

B =e (72c)

Hl., k 30. k~l, and k3. may be caWted by machine an indicated In Ap-

pendix 3. The Reynolds m=ber ma now be obtained fma

R 0 ) 3M 0 79

()r () -Yl]Y (Oh (o

r 
(7.
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VII. SDAMLIU SOLUTMN

Even a cursory examination of the equations to be solved mould indicate

the difficulty involved in making reasonable approximations to the initial

values of the system mhich the Runge-Kutta routine requires. The stability

of the Convergence Scheme was not studied; but it may be presuned that if

the initial values are not at least "approximately" close to the proper

values, then it may be that the routine is nonconverging and vill never give

a solution. To prevent such difficulties, it might be judicious to solve

a simplified case first so that the initial conditions resulting from this

attempt may be used in the more complex solution. Time lWitations also

played an Important part in choosing the simplified case.

If w presune that the fluid is incpssible and that no heat trams-

fer is present, the equations presented previously reduce to

f d (ldf +d -oI f (7)

dL dcl dcl )

The boundary conditions for this fifth-order, ordinary systm of differen-

tial equations are

f 0 (76a)

1 - c1 m = 0 (man. concentration) (76b)

f w fm, (injection paramter) (76c)

f M 2(76d)
1 =0cm~ (7e
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To use the Rlw-Kutta systm, all boxmdary cedAitios vil have to be speci-

fled at the vail, i.e., yi(O). Two initial conditions are definitely knon,

the velocity at the wal is zero, and the concentation here nay be speoi-

fied. It viil be necessary to foilfil end boundary conditions such that

concentration and the cacentration gradient became zero at the outer edge

of the boundary layer. If, using Eqs. (711) and (75),. we deflnm

Yo f f (77a)

y, -l/rpdf/dq (77b,)

y2 - d/dij [1rp df/djj] (77c)

y Uc (77d)

y4  = pdc/dq (77.)

then the syste of equations appears in the desired linear form

70 Py (78a)

Y1, y2/j (78b)

Y -y 2/(

Y y4/P(78d)

Y4 N yoY4/P- (78e)

with the boundary conditions

y1(O) 0 (79&)

Y3(0) .w (79'b)

Y(O) - , (79c)

yl(e) - 2 (7%)

Y3(e) = 0 (79e)

KWne Y1(o) and y3(0), m find it necessary to choose y,(O) and y2(0)In

such a Way that the last two boundary conditions are fuifilued. A corner-

ence scheme as used vhich depended upon a g id of guesses which vas then
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.ntepolated 'to give the proa Initial values. Te solution of these el-

atie n (exactly si4ilar to those of lakrt(1 0 )) a c out fo The oases

of Iodine and carbon dioxide diffusing through the boundary layer. Mw oqu-

atiens yielded velocity and concentration profilesp as well as relatienships

between the drag coefficient and wall conentration or Inlet velecit . FInally,

for each of the wall concentrations specified., accurate initial conditions

wer, obtained which would undoubtedly serve as a good juping-off placte for

a convergence schme if the complex equations are solved.

Once having obtained the velocity and concentration profiles, ve must

not forget that the original purpose of the investigation vas to extmine

the stability character of diffusion boundary larers. Here again, a sImpli-

fied approach will be used. It was shown in the Tolnien-Rayleih analysis

that the curftbre of the velocity profile was fundsmental in indicating the

stability of an iucompessible flov. If the flov ere in the nature of a

Blasius profile, i.e., if it did not eihibit a point of inflection., the pro-

file would be stable regardless of Reynolds iern. If a profile showed a

definite point of inflection. as in the case of flow agenst an adverse

pressure gradient, the boundary layer would be unstable for any Reynolds

number. Although this analysis holds only for the case of iniviscid flow,

it nevertheless indicates the importance of the velocity profile in deter-

mining,, qualitatively at least, the stability characteristics of the flow.

Van Driest has extended the analysis to the case of compressible fluids. (2)

He showed that if the quantity

(d/dy) .p (du/dy o 0 q/u, > I - l/K, (80)
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a neutal or self-excited disturbance appears in the boundary layer at that

point. in general, the distribution Of the qutity d/d

cisive in determining the stability of the boundary layer. This may be

seen by examining odu/dy profiles for the cases of heating and cooling the

boundary layer. (2) The cooling curves show a tendency toward leveling out,

whereas the heating curves all exhibit the characteristic hump, i.e., the

point of inflection. This, then, will be one way to examine the stability

character of binary boundary layers.

Another way to characterize stability of flow is to indicate the mini-

mum critical Reynolds number of a system. This is the smallest Reynolds

number at which neutral disturbances can exist. It is obvious that we would

like to make the minimum critical Reynolds number as large as possible. One

wy to obtain this Reynolds number is to observe a plot of a (disturbance

wavelength) against Reynolds numaber. The curve is usually peraboloid in

shape and contains a region in which all self-excited disturbances are aupli-

fled. Outside this curve all disturbances are damped. The tip of the para-

boloid will be the minimum critical Reynolds number. The calculation of

such a curve is very tedious, and Iin ( 1 ) has suggested an apoximation

formula which has been shown to be within 20 per cent of the values obt@aned

with the more accurate analyses. The formula is

2-,du,
R (81)

where

du [2(du/d). yi 1 W IQy)1 I(yi)Ltjg Utyi) 3_ [ut (yd) 1 3 0.58 (82)
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Lin's formula vill facilitate a qualitative omp'wison of the stability of

the Uuee systems.
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VIII. RZ5LTS

The three systeam iVestigWted were distinguished by the foreign sub-

stne used In each: hydrogen, Iodine vapor, or carbon dioxide. Hydrogen

vas chosen became it has been used in binar-boundary-laye analyses previ-

ouslyp mostly on the basis of its abJ lty as a coolant. In this way it would

act as a stabilizing factor. However, Its lit weight would ease it to

act as a buoying agent, tending to "lift" the boundary lae from the sur-

face. Needless to sayp this effect wld be destabilizing since it Increases

the boundary-layer thickress. 13e coolant effect of the hydrogen vill not

show up in the analysis, and therefore it iit be expected that its sta-

bility character vifl not be as good as that of the heavier materials--

carbon dioxide and Iodine. hese two were chosen an the basis of the Van

Driest criteria. It ms hoped that by maldn the quantity pft//y as large

as pnossible near the suiface, the unstable hiup miatt possibly be avoided.

Also, the introduction of heavy molecules might be thought of as "cooling"

the boundary layer simply by Increasing the density at the region near the

vsa.

The equations ware solved as indicated, and the mnnrJial results are

presented in the Appendices. An examination of the velocity and concentration

profiles bears out the theory that hydrogen acts as a buoying agent vhla

carbon dioxide and iodine act In the opposite direction. The hydrogen dif-

fusing rapidly through the boundary layer slows up the x-directed velocity"

of the airstreae. In Fig. 1. for a vall concentration of hydrogen of 0.2,

only 95 per cent of the free-stream velocity has been reached at I = 3.

For the same conditions, the free-stream velocity for carbon dioxide

and iodine injection is reached at TJ = 2.7 and at n = 2.8, respectively



-37-
___ ___ __ __ __ ___ ___ __ ___ _ _ ___ __ 0

-0

0' 0

IL.

0I



-38-

(see Figs. 2 and 3). Th~e same characteristic of hydrogen is borne out by

the concenration profiles. Hydrogen concentrations extend out Into the

bO~mdarY layer well Pust i~-3 (Fig. 4i)v whiereas the concentration of carbon

diw~dde and Iodine for 1,- 3 are practically zero (Figs. 5 and 6).

Eqpiation (55) gives the relation between the injection rate and the

concenration Of the foreip material. Because of Its high diffusion coe-

fficient and low densitay', hydrogen should have a higt velocity end a low

Injection rate. ~iainof Fig. 7 indicates that this is generally

true* The injection rates of the three materials are almost the se at a

wall cocn- to of 0*.; but it must be ruabered that ame at this point

the presence of the forein constituents is beidnning to tape off,, and for

smaller ormntatioas we may e3qect the injection rate to drop to zero

quickly. At the higher cone.atins howeverp It is seen that large differ-

ences occur In the Injection rates of the three materials. The essential.

nature of the curves of Fig. 7 is similar to a plot of the density ratios

of the three materials (Fig. 8). Mwuefre,p considering that the concen-

tration gradients at the surface are almnost the ae for all materials, It

is seen that the Injection rate In dependent main'y upon the density ratio*

At lov conetations all three density' ratios appuoach uni1t, whereupon the

Schmidt nmber or diffusion coefficient becomes the Important factor. At

extruwsl low valU cencenraticns the Injection rates at the wall become

alumost prprtional to the diffusion coefficients.

7he curves In Fig. 9 shoving the reainhpbetween the drag coef-

ficient and the Injection rate (*sire f,, Is a measue of Injection rate, as

shown by Eq. (52)) Indicate that hydrogen is superior to carbon dioxide

or iodine an a friction-reaing agent. If separation occurs whien the
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friction coefficient is zero, extending the hydrogen curve shows that at

fw - 0.35 the hydrogen would have blown the boundary layer off the surface;

in the case of carbon dioxide or iodine it Is still firmly entrenched. This

indiates the destabilizing character of hydrogen Injection. Both carbon

dioxide and iodine increase the friction coefficient over that value ihich

it would have vith afr injection. At low concentrations this increase is

seen to be mall. Carbon doxide, particularly, gives values &Lch differ

by a small, almost constant factor from the noral air values. In the case

of iodine, the breach becomes geometrically greater as the Injection rate

increases. The drag coefficient is plotted against wall concentration in

Fig. 10.

The next series of graphs (Figs. 11 - 13) shows the "stability" fuAct on,

Sd/d Eu/usn plotted against I) for varying iiall concentrations. As was

stated previously., the characteristic hump indicative of a point of in-

flection shovs that the system Is unstable. On the other hand, It Is to

be noted that this criterion applies to an incoampressible fluid and that

ours is not truly incompressible, since the density and viscosity vary

throuhout the boundary layer. The variation of these two paramters is

dependent upon concentration and not upon t4erature. Therefore, anmy

conclusions ihich can be drawn ar at best qualitative and are intended to

ahow direction rather than order of magnitude* Since for large enough q all

the stability curves must approach zero, a hump will automatically appear

If the slope of the function at the vall is greater than zero. In the

cae of hydrogen it Is 1inediately apparent that instabi11W exists for

all conditions. For c, eneatiens of 0.2 and 0.4 the hv are still

apperent, but far hi&er centratans they appear n the beUday ISM



0.7

0.6 _

0.4

.20. --Aie

lodine

U%

o. Hydroge,,-,- , • \

0
0 0.2 0.4 0.6 0.8 1.0

CIw

Fig. 10-Friction coefficient vs injection composition



CC

(a O

I,-



-50- I

0

UJ

IsC

0 c

gQII~w -



404

C
0

x

CYC

nm p



-52-

for I > 3. In the case of carbon dioxides it can be seen that the i1nf3ec-

tion points have moved toward the left; for a , mnoent.'ation of 0. 05 the In-

flection hwup has almost disappeared. In the case of iodine, the inmlection

points are close to the left axis and are no longer discernible for the

three lover concentrations. Even fmn a concentrtion of 0.2, calculations

show that stabilit has been achieved. For lowr concentration it is evi-

dent that these curves have flattened out and that they shov a stable charac-

ter. A careful numerical analysis should indicate the most advantageous

concentration. All three materials tend toward the Blasius proftle in the

limit (as conentration approaches zero). At large concentrations all are

obviously unstable. It will be in the range of mall injection rates that

the difference in the three materials will be most noticeable. This would

actill be the case if an experimental model were to be made. It goes

without saying that a careful nmerical analysis of the lover canoenfrations

is in order.

The critical Reynolds numbers are plotted in Fig. 1. Here it is again

evident that hydrogen injection reduces the stability character of a bounda-

ry layer significantly, even at low concenrations. Iodines of the three

materials, gives the least reduction and Is the best injection mediu ac-

cording to stability considerations. A general direction of comparative

stability characteristics has been shown.

Injection media, such as todine, that are less destabilizing prevent

inmediate transition and increase the area affected by the low-drag lmAnar

flov. Howver, the medium itself produces an increase of drag (above that

obtained under similar conditions with hydrogen Injection) so that soe of

it. advantage is negated. The wall concentration at which iodine most



-53-

1.0

0.8

0 0.6

0.4

0.2

0 0.1 0.2 0.3 0.4 0.5

Pe ue -VRe

Fig. 14-The influence of moss transfer on the stability
of the incompressible laminar boundary layer
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effectively prolongs 'mine flow must first be obtained. The critical

Reynolds umiber for this condition may then be found, and a canpearatve

estimate may be made betmen tubulent, Impezmable-flat-plate, and iodine-

air boundary layers.
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Appendix A

SOLVTfION OF THE LAMINAR BOUNDARY LAYER
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Table 2

SOLUTION OF THE LAMINAR BCUNDARY LAMM WITH
CARBON DIXIIZ INJECTI0

I1 C3. C1  f U 1 ' 104' Ii4 x f04

(c1 - 0.0001)

o 0 0 -0.0001 1.3281 1.0 -0.64979
0.2 0.1299 o.1328 0.0265 1.3258 0.87010 .o.64872

o.4 0.2590 0.2647 O.1O6O 1.3D95 0.740 -0.64122
o.6 o.3856 0.3938 0.2379 1.2663 o.61445 -0.62132
0.8 0.5064 0.5167 0.4202 1.1866 0.49356 -0.58450

1.0 o. 61M8 0.6298 o.6499 1.0670 o.38191 -0.52894
1.2 0.7169 0.7290 0.9222 0.9124 0.28311 -0.45656
1 0.8000 0.8115 1.2309 0.7360 0.20003 -0.37310

1.6 0.8659 0.8761 1.5690 0.5565 0.13406 -0.28688

1.8 0.9151 0.9233 1.9294 0.3924 0.08488 -o.20654

2.0 0.9494 0.9555 2.3056 0.2570 0.05o6o -0.13874
2.2 0.9717 0.9759 2.6923 0.1559 0.02832 -0.8674
2.4 0.9851 0.9878 3.0852 0.0875 o.o1486 -0.05040
2.6 0.9927 .9942 3.4818 0.0454 0.00729 -0.2718

2.8 0.9967 0.9975 3.8802 0.0217 0.00334 -o.01361

2.9 0.9978 0.9989 4.0798 0.0146 0.00220 .0.00936

(civ 0.001)

0 0 0 -0.0007 1.3273 10.0 -6.4950

0.2 0.1298 0.1327 0.0259 1.3251 8.7018 -6.4851

0.4 0.2589 0.2646 0.1054 1.3)90 7.1110 -6.4109

o.6 0.3854 0.3936 0.2372 1.2660 6.14a -6.2128

0.8 0.5062 0.5166 o.14195 1.1865 4.9378 -5.8454

1.0 o.6179 0.6296 0.6492 1.o67o 3.8212 -5.2905

1.2 0.7167 0.7288 0.9214 0.9125 2.8332 -4.5673
1.4 0.7998 0.8114 1.2301 0.7363 2.0020 -3.7330
1.6 0.8658 0.876o 1.5682 0.5568 1.3419 -2.8708

1.8 0.9150 0.9232 1.9286 0. 3926 0.8498 -2.0672

2.0 0.9493 0.9555 2.3D48 0.2572 0.5066 -1.3m

2.2 o.9716 0.9758 2.6914 0.1560 0.2836 -o.8684

2.4 0.9851 0.9878 3.0844 0.0876 o.14.88 -0.5046

2.6 0.9927 0.9942 3.4809 0.0454 0.0730 -o.2723

2.8 .9966 0997 3.873 0.0218 0.0334 -0.1363

2.9 0.9978 0994 4.o789 o.o146 0.0221 -0.09381. 0.9978- -.
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Table 2 (Contd.)

CL&W - j I_, ____ y 3  Y4 x103q-YO Y2 Y3 x 1o =1o

(c 1w - 0.005)

0 0 0 -0.0035 1.3236 5.0 -3.2411
0.2 0.1294 0.1324 0.0231 1.3222 4.3529 -3.2378
0.4 0.2582 0.2641 0.1025 1.3068 3.7089 -3.2025
0.6 0.3845 0.3930 0.2342 1.2646 3.0776 -3.1054
0.8 0.5052 0.5159 o.4164 1.1859 2.4738 -2.9235

1.0 o.6169 o.6289 O.646o 1.o672 1.9155 -2.6477
1.2 0.7158 0.7282 0.9180 0.9132 1.421o -2.2874
1.4 o.7990 0.8108 1.2265 0.7373 1.oo43 -1.8709
1.6 0.8652 0.8755 1.5645 0.5580 0.6739 -1.2327
1.8 o.9146 0.9229 1.9248 0.3937 0.4270 -1.o376

2.0 o.949o 0.9552 2.3010 0.2581 0.2548 -o.6976
2.2 o.9714 0.9757 2.6875 0.1567 o.1427 -0.4366
2.4 0.9850 0.9877 3.0804 0.0880 0.0749 -0.2539
2.6 0.9926 0.9942 3.4770 0.0457 0.0368 -0.1371
2.8 o.9966 0.9974 3.8754 0.0219 0.0169 -o.o687
2.9 0.9978 0.9984 4.0750 o.o147 0.0111 -0.0473

(ci:v 0.01)

0 0 0 -o.oo69 1.3190 10.0 -6.4661
0.2 0.1289 0.1321 0.0195 1.3184 8.7106 -6.4638
0.4 0.2574 0.2634 0.0989 1.3041 7.4264 -6.3976
0.6 0.3834 0.3922 0.2305 1.2629 6.1663 -6.2080
0.8 0.5o4o 0.5150 0.4125 1.1851 4.9598 -5.8491

1.0 o.6157 O.6280 0.6419 1.0673 3.8433 -5.3017
1.2 o.7147 0.7273 0.9137 o.9141 2.8534 -4.5840
1.4 0.7981 0.8101 1.2221 0.7387 2.0191 -3.7528
1.6 0.8645 0.8750 1.5599 0.5595 1.3554 -2.89o8
1.8 O.914o0 0.9225 1.9201 0.3952 0.8596 -2.0852

2.0 0.9487 0.9550 2.2961 0.2593 0.5132 -1.4033
2.2 0.9712 0.9755 2.6826 0.1576 0.2878 -0.8790
2.4 0.9849 0.9876 3.0755 0.0886 0.1512 -0.5116
2.6 0.9926 0.9941 3.4720 0.0460 0.0743 -0.2765
2.8 0.9966 0.9974 3.87o4 0.0221 0.0341 -0.1387
2.9 0.9977 0.9983 4.0700 0.0148 0.0225 -0.0955
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Table 2 (Contd.)

_ _ ° u I_ _ _ _ _ _ _

c. Uw -' c 11 Clw ue YO Y2 Y3 Y4

(c1w = 0.05)

o o 0 -0.0355 1.2810 0.050 -o.o31670
0.2 0.1250 0.1292 -0.0092 1.2879 0.043749 -0.031b27
0.4 0.2504 0.2584 0.0693 1.2813 0.037479 -0.03±676
o.6 0.3744 o.3856 0.1998 1.2482 0.031281 -0.030918
0.8 0.4940 0.5076 0.38o4 1.1786 0.025301 -0.029314

1.0 o.6056 0.6206 O.6o81 1.0682 0.019721 -o.026751
1.2 0.7053 0.7205 0.8784 0.9210 0.014733 -0.023296
1.4 0.7901 o.8o42 1.1852 0.7495 O.O1O493 -o.o19214
1.6 o.8582 0.87o4 1.5218 0.5719 0.007090 -o.014914
1.8 o.9o94 0.9192 1.8809 o.4o7o o.oo4527 -o.o.o842

2.0 o.9456 0.9527 2.2562 0.2691 0.002722 -0.007554
2.2 0.9693 0.9741 2.6422 0.1649 0.001537 -0.004642
2.4 0.9837 0.9868 3.0348 0.0935 0.000813 -0.002723
2.6 0.9920 0.9937 3.4311 0.0490 0.000402 -0.001483
2.8 0.9963 0.9972 3.8294 0.0237 o.ooo86 -0.000750
2.9 0.9975 0.9982 4.029O 0.0160 0.000123 -0.000518

(clv = 0.2)

0 0 0 -0.1539 1.1264 0.2000 -0.1157
0.2 0.1097 o.1168 -0.1291 1.16o4 0.1780 -0.1187
0.4 0.2228 0.2363 -0.0543 1.1833 0.1554 -0.1208
o.6 0.3378 0.3567 o.0704 1.1824 0.1324 -0.1207
0.8 0.4522 0.4750 0.2440 1.1463 0.1096 -0.1174

1.0 0.5625 0.5873 o.4641 1.o679 0.0875 -0.1102
1.2 0.6646 0.6893 0.7267 0.9477 0.0671 -0.0988
1.4 o.7545 0.T72 1.0264 o.7949 o.o491 -0.0841
1.6 0.8293 0.8486 1.3568 0.6260 0.0342 -0.0675
1.8 0.8878 0.903D 1.7110 o.Ao3 0.0224 -0.0507

2.0 0.9305 0.9416 2.0827 O.3148 0.0139 -0.0356
2.2 0.9596 0.9670 2.4662 0.1997 0.0081 -0.0232
2.4 0.9780 0.9826 2.8573 0.3172 0.0044 -0.o141
2.6 0.9888 0.9915 3.2527 0.0636 0.0022 -0.0080
2.8 0.9946 0.9961 3.6506 0.0319 0.0011 -0.0042
2.9 0.996 0.9974 3.8500 0.0219 0.0007 -0.0029
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Table 2 (Contd.)

II c1 wC __ _ eo 1 2 J 3 I Y4
(C1w = 0.4)

o 0 0 -0.3474 0.8850 o.4ooo -o.196o
0.2 0.0876 0.0959 -0.3257 0.9502 0.3649 -0.2072
0.4 0.1813 0.1979 -0.2593 1.0106 0.3275 -0.2176
0.6 0.28o6 0.3050 -0.1472 1.0549 0.2878 -0.2253
0.8 0.3838 o.4148 0.0112 1.oo6 0.2465 -0.2238

1.0 o.4884 0.5238 0.2146 1.o47o 0.2046 -0.2238
1.2 0.5906 0.6275 0.4605 0.9779 0.1637 -0.2110
1.14 o.6861 0.7215 o.7446 0.8658 0.1255 -0.1895
1.6 0.7708 0.8020 1.o615 0.7216 00917 -0.161o
1.8 08413 0.8668 1.4o48 0. 5629 0.0635 -0.1285

2,0 0.8963 09156 1.7682 o.4o92 oo415 -0.0959
2.2 0.9363 o.9498 2.146o 0.2764 0.0255 -o0.666
2.4 0,9633 09720 2.5333 01729 oo147 -0o.433.
2.6 0.9802 0.9654 2.9265 0.1001 0.0079 -0.0258
2.8 0.9900 0.9930 3.3231 0.0536 0.0040 -0.0144
2.9 0.9931 0.9952 3.5222 0.0380 0.0028 -O.OlO4

(c1. - 0.6)

0 0 0 -0.5990 0.5955 0.6000 -0.2252
0.2 0.0630 0.O681 -0.5824 0.6762 0.5622 -0.2563
o.4 0.1329 o.1447 -0.5306 0.7619 O. 202 -0.2683
0.6 0.2102 0.2299 -0.4.08 0.8452 0.4739 -0.2896
0.8 0.2946 o.3228 -0.31o6 0.9154 0.4232 -0.3076

1.0 0.3852 o.4=1 -0.1388 0.9602 0.3689 -0.3192
1.2 0.4798 0.5218 0.0745 0.9674 o.3689 -0.3192
1.4 0.5752 o.62Ol o.3275 0.9287 o.2549 -0.3105
1.6 0.6673 0.7113 O.6164 0.8435 0.1996 -0.2862
1.8 0.7516 0.7913 0.9362 0.72o4 0.1491 -0.2496

2.0 0.8241 0.8571 1.2813 0.5756 0.1055 -0.2o45
2.2 0.8825 o.9o78 1.6456 o.4285 0.0705 -0.1566
2.4 0.9262 0.9410 2.0237 0.2962 0.0443 -0.117
2.6 0.9565 0.9682 2.4111 0.1898 0.0261 -0.070
2.8 0.9760 0.9831 2.8043 0.1126 0.o144 -0.0455
2.9 0.9826 0.9880 3.0022 0.0842 o.oo4 -0.0346
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Table 2 (Contd.)

11 Cw I I r

Czw U. YO Y2 Y3 Y

_ (c1i = 0.8)
o o 0 -0.9393 0.2607 0.8000 -0.1766

0.2 0.0345 0.0319 -0.9309 0.3205 0.7724 -0.2009
0.4 0.0742 0.0709 -0.9036 o.3921 o.74o6 -0.2283
0.6 0.1201 0.1182 -0.8538 0.4753 0.7039 -0.2587
0.8 0.1728 0.1748 -0.7779 0.5678 o.6618 -0.2911

1.0 0.2329 0.2412 -0.6720 o.6644 o.6136 -0.3239
1.2 0.3009 0.3175 -0.5327 0.7565 0.5593 -0.3548
1.14 0.3763 0.4022 -0.3574 0.8322 0.14990 -0.3801
1.6 0.4580 0.4928 -0.1448 0.8781 0.4336 -0.3957
1.8 0.5440 0.5854 O.1O48 0.8824 0.3648 -0.3971

2.0 0.6306 o.6752 O.3890 0.8388 0.2955 -0. 3812
2.2 0.7139 0.7573 0.7039 0.7499 0.2289 -0.3473
2.4 0.7893 0.8280 1.0444 0.6275 0.1685 -0.2980
2.6 0.8533 0.8847 1.4o48 0.4894 0.1173 -0.2394
2.8 0.9039 0.9273 1.7800 0.3548 O.0769 -0.1792
2.9 0.9240 o.9436 1.9716 0.2937 0.0608 -0.1509
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Table 3

SOUTI0N1 THE LAMAR BOUNDARY LAMlR WITH
HYD0GEN INJECTION

I -c -- I Yo Y2 [Y3 x10 4 IY414
S (c1v .0.0001)

o 0 0 -0.0002 1.3278 1.0 -o.39761
0.2 0.0796 0.1327 0.0263 1.3250 0.92088 -0.39748
0.4 0.1591 0.2645 0.1058 1.3088 0.84087 -0.39639
0.6 0.2382 0.3933 0.2374 1.2657 0.76176 -0.39347
o.8 o.3165 0.5165 0. 4194 1.1862 .68350 -0.38786

1.0 0.3933 o.6295 0.6488 1.0669 O.60670 -0.37887
1.2 o.4679 0.7287 0.9208 0.9125 0.-3299 -0.36600
1.4 0.5395 0.8112 1.2291 0.7364 0.4W47 -0.34904
1.6 o.60"14 0.8758 1.5670 0.5570 0.39265 -0.32815
1.8 0.6706 0.9231 1.9271 0.3929 0.32937 -0.30377

2.0 0.7287 0.955. 2.3031 0.2574 0.27127 -0.27666
2.2 0.7812 0.9758 2.6896 o.1562 0.21879 0.24776
2.4 0.8278 0.9877 3.0824 0.0877 0.17219 -0.21808
2.6 o.868 o.9942 3.4788 0.0455 0.13152 -0.1886
2.8 0.9034 0.9974 3.8772 0.0218 0.0966& -o.1603.4
2.9 0.9187 0.9984 4.0768 0.0146 0.08128 -o.14584

(C i- 0.001)

0 0 0 -0.0017 1.3196 10.0 -3.8119
0.2 0.0772 0.1320 0.0243 1.3178 9.2278 -3.8107
0.4 0.1543 0.2632 0.1025 1.3023 8.4573 -3.8007
0.6 0.2309 0.3916 0.2322 1.26o5 7.6913 -3.7731
0.8 0.3066 0.5141 0.4118 1.1828 6.9341 -3.7199

1.0 O.3808 0.6269 0.6384 1.0657 6.1916 -3.6345
1.2 o.4529 o.7261 0.9074 0.9136 5.14706 -3.5120
1.14 0.5221 0.8089 1.2128 0.7395 4.7790 -3.3505
1.6 0.5876 0.8739 1.5,480 0.5613 4.12143 -3.1514
1.8 0.6486 o.9216 1.9058 0.3975 3.5136 -2.9188

2.0 0.7047 0.9543 2.2798 0.2616 2.9529 -2.6600
2.2 0.7553 0.9751 2.6646 0.1596 2.4465 -2.2422
2.4 0.8003 0.9873 3.0562 0.0900 1.9967 -2.0999
2.6 0.8396 0.9940 3.4516 0.0470 1.6014 -1.8181

2.8 0.8733 0.9978 3.8492 0.0226 1.2672 -1.5467
2.9 0.8881 0.9983 14.o484 0.0152 1.1188 -1.4172
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Table 3 (Con'td.)

Y2. L y 3 Y4 x 10
I 1lw . Y I

.... _ _c_.,,(C . 0.05)
o 0 0 -0.o631 1.0903 0.05 -1.3245

0.2 0.0874 0.1134 -0.0492 1.1036 0.045632 -1.3301
0.4 0.1719 0.2273 -0.0062 1.1105 0.041404 -1.3330
0.6 0.2535 0.3410 0.0681 1.1041 0.037324 -1.3304
0.8 0.3319 0.4526 0.1757 1.0776 0.0334o6 -1.3202

1.o o.4o66 0.5599 0.31-80 1.0253 0.029668 -1.3001
1.2 0.4774 0.6602 0.4958 0.944 0.026129 -1.2686
1.4 0.5438 0.7506 0.7081 0.8367 0.022810 -1.2247
1.6 0.6054 0.8288 0.9540 0.7077 0.019727 -1.1684
1.8 o.6621 0.8932 1.2307 0.5680 o.o16896 -1.1003

2.0 0.7135 0.9433 1.5346 O.4302 0.014324 -1.0220
2.2 0.7596 0.98Q2 1.8617 0.3058 0.012018 -0.9357
2.4 0.8005 1.0055 2.2079 0.2033 0.009973 -0.8440
2.6 0.8363 1.0218 2.5695 0.1259 0.008184 -0.7497
2.8 o.8672 1.0316 2.9431 0.o724 0.00663 -0.6558
2.9 0.8810 1.0347 3.1336 0.0534 0.005952 -0.6097

(c 1, . 0.2)

0 0 0 -0.1462 o.6429 0.2000 -2.5853
0.2 0.0934 0.0792 -0.1418 0.6658 0.1813 -2.:6451
0.4 0.1823 0.1594 -0.1274 0.6876 o.1635 -2.6983
0.6 0.2665 0.2404 -0.1014 O.7063 0.1467 -2.7413
0.8 0.3457 0.3219 -0.0622 0.7198 0.1309 -2.7704

1.o o.4197 o.403D -0.0077 0.7257 0.1160 -2.7824
1.2 0.14885 0.4829 0.o641 0.7214 0.1023 -2.7744
1.4 0.5518 0.5606 0.1552 0.7o47 0.0896 -2.7444
1.6 o.6o98 0.6346 0.2676 0.6738 0.0780 -2.6909
1.8 0.6624 0.7037 0.403D 0.6278 0.0675 -2.6137

2.0 0.7098 0.7665 0.5625 0.5676 0.0 80 -2.5133
2.2 0.7521 0.8218 0.7469 0.4957 0.=096 -2.3915
2.4 0.7897 0.8689 0.9562 o.416o 0.0421 -2.2508
2.6 0.8228 0.9073 1.1899 0. 3341 0.0354 -2.0944
2.8 0.8517 0.9373 1.4467 0.2554 0.0296 -1.9264
2.9 0.88 0.9494 1.5832 0.2390 0.0270 -1.8392
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Table 3 (contd.)

c1w~c - Ul u I2I ti- YO 2 _ Y3 y4 x 102

(Czv - o.4)

0 0 0 -o.2044 o.4116 o.4000 -2.71o6
0.2 0.0860 0.0618 -0.2024 o.4368 o. 3656 -2.8654
o.4 o.1698 o.1254 -o.1958 o.4622 0.3321 -3.o134
0.6 0.2509 o.19o6 -0.1838 0.4870 0.2996 -3.1498
0.8 0.3285 0.2571 -0.1652 0.5103 0.2686 -3.2700

1.0 0.4020 0.324 -0.1388 0.5308 0.2392 -3.3693
1.2 0.4709 0.3922 -0.1033 0.5473 0.2116 -3.4436
1.4 0.5347 0.4597 -0.0570 0.5583 0.1861 -3.4896
1.6 0.5934 0.5263 0.0020 0.5621 o.1626 -3.5o46
1.8 0.6467 0.5913 o.0754 0.5573 o.1i413 -3.4873

2.0 0.6948 0.6536 0.1653 0.5425 0.1221 -3.4370
2.2 0.7378 0.7124 0.2735 0.5169 0.1049 -3.3546
2.4 0.7760 0.7668 0.4018 0.4805 0.0896 -3.2418
2.6 0.8096 0.8159 0.5516 0.4340 0.0762 -3.1012
2.8 0.8390 0.8590 0.7239 0.3795 0.061 -2.9364
2.9 0.8522 0.8781 0.8186 0.3500 0.0591 -2.8462

(cu, 0.6)

0 0 0 -0.2468 0.2654 0.6000 -2.1815
0.2 o.0674 o.o467 -0.2457 o.2884 0.5596 -2.4018
0.4 0.1367 o.o96o -0.2423 0.3125 0.518o -2.6262
0.6 0.2070 0.1478 -0.2359 0.3373 0.4758 -2.8493
0.8 0.2774 0.2018 -o.2261 o.3623 o.4336 -3.0652

i.o o.3467 0.2578 -0.2121 0.3869 0.3920 -3.2670
1.2 o.4141 o.3154 -0.1930 0.4102 o.3516 -3.4484
1.4 0.4785 0.3740 -o.1678 0.4315 o.2769 -3.7261
1.6 0.5393 0.4334 -0.1353 0.4495 0.2769 -3.7261
1.8 0.5959 0.4928 -0.0940 0.4633 0.2424 -3.8130

2.0 0.6479 0.5516 -o.425 0.471 0.2113 -3.86o9
2.2 0.6950 o.6092 o.o211 0.4728 0.1830 -3.8686
2.4 0.737-4 0.6648 0.0986 0.663 0.1576 -3.8361
2.6 o.7751 0.7177 0.1918 0.4511 0.1350 -3.7647
2.8 0.8083 0.767T o. 3M6 o.4289 0.1150 -3.6570
2.9 o.8e34 0.7902 0.3652 o.4i15 O.1O6O -3.5905
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Tabl 3 (coutd.)

--- c - IY2 Ix 102

(cv" 0.8)
0 0 0 -0.2871 0.148 0.8000 -1.2689

0.2 0.0396 0.0296 -0.2866 0.1650 0.7683 .1.4698
o.4 0.0836 0.0621 -0.2859 o.1836 0.7332 -1.6920
0.6 0.1317 0.0974 -0.2819 0.2036 0.6946 -1.9334
0.8 0.1837 0.1357 -0.2773 0.2250 0.6530 -2.1906

1.0 0.2390 0.1769 -0.2708 0.2476 0.6088 -2.4585
1.2 0.2967 0.2208 -0.26W8 0.2710 0.5626 -2.73D6
1.4 0.3560 0.2672 -0.2500 0.298 0. p52 -2.9990
1.6 0.1157 0.3159 -0.2347 0.318& 0.4675 -3.2550
1.8 o.4746 0.3664 -0.2152 0.3412 0.4203 -3.899

2.0 0.5318 0.4183 -0.1905 0.3623 0.3746 -3.6954
2.2 o.5862 0.4711 -0.1595 0.0 0.3310 -3"
2.4 o.6372 0.5242 -o.1211 0.3958 0.2902 -3.9920
2.6 0.6843 0.5770 -0.0738 o.4o62 0.2526 -4.0740
2.8 0.7270 o.62g0 -o.0159 o.411o 0.2184 -4.1089
2.9 o.7467 o.6544 0.0176 0.4109 0.2026 -4.1088
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Table 1

SOLUTION OF1 LAMMNA BINARY BOUNDARY
LAE WIU IODINS INJECTION

11 Y:1~ 2 Y3ZO y 4 1 1

(cv o.0001)

1.3282 1.0 -0.78718

0.2 0.1573 0.1328 o.o265 1.3258 o.84269 -07842

0.14 0313) 0.26147 0.1061. 1.3095 0.6865 -0.76925
0.6 0.1633 0.3938 0.2379 1.26& 0.53670 -0.72833

o.8 0.6022 0.5167 0.4203 1.1867 0.39181 -0.65511

1.0 0.7232 o.6298 0.650 1.0670 0.27675 -0.55W

1.2 0.8212 0.7290 0.9223 0.9124 0.17879 -0.2683

1.4 0.8938 0.315 1.2310 0.7360 o.1o616 -0.30076

1.6 o.9426 0.8761. 1.5691 0.5565 0.05740 -0.19068

1.8 0.9720 0.9233 1.9295 0. 3924 0.02804 -0.10786

2.0 0.9877 0.9555 2.3057 0.2569 0.01230 -0.054310

2.2 0.9952 0.9759 2.6923 0.1559 0.00482 -0.02396

2.14 0.9983 00;78 3.0853 0.087 0.00168 -0.00934
2.6 0.9 3.8 .01 0.0005 -0.00320

2.8 0.9998 0 3.8803 0.0217 0.00015 -0.ooo96

0:9M . ooo
2.9- 0.999 099614 1079 0.01146 0.00008 -0.00050

- (c 1 w -0.001)

0 0 0 -0.0005 1.3278 10.0 :7.8708

0.2 0.1572 0.1327 0.0261 1.3256 8.4281 -8494

0.4 0. 3128 0.2646 0.1057 1.3094 6.8716 -7.6937

0.6 0.463) 0.3937 0.2375 1.2663 5.3694 -7.2856

0.8 0.6020 0.5167 0.1200 1.1867 3.9805 -6.5542

1.0 0.723D 0.6297 0.6497 1.0671 2.7696 -5.5126

1.2 0.8210 o.7289 0.9220 0.9125 1.7894 -4.2716

1.4 0.8937 0.8114 1.23D7 0.7362 1.0626 -3.0103

1.6 0.9425 0.8760 1.5688 0.5567 0.5746 -1.9088

1.8 0.9719 0.9233 1.9292 0.3925 0.2808 -1.0798

2.0 0.9877 0.9555 2. 354 0.2570 0.1232 -0.5417

2.2 0.9952 0.9759 2.6920 0.1560 0.0483 -0.2399

2.4 0.9983 0.9878 3.0850 0.0875 0.0169 -0.0936

2.6 0.9995 0.9942 3.4816 0.0454 0.0053 -0.0321

2.8 0.9998 o.9962 3.6806 0.0317 0.0028 -0.0097

2.9 0.9999 0.9989 4.0796 o.o146 0.0008 -0.0050
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Table 4 (Contd.)

114 1 U y1 lc w 1 YO Y2 Y3 x 103  Y4 x 103

(c1w - 0.005)

o o 0 -0.0024 1.3260 5.0 -3.9332
0.2 0.1566 0.1325 0.0242 1.3243 4.2168 -3.9250
0.4 o.3119 0.2643 0.1039 1.3o86 3.4403 -3.8496
0.6 o.462o 0.3933 0.2359 1.266o 2.69O1 -3.6479
0.8 0.6009 0.5163 o.4185 1.1868 1.9956 -3.2839

1.0 0.7221 0.6293 o.6483 1.6675 1.3894 -2.7638
1.2 0.8203 o.7286 0.9207 0.9131 0.8983 -2.143D
1.4 0.8932 0.8112 1.2294 0.7369 0.5337 -1.5111
1.6 0.9422 0.8758 1.5675 0.5573 0.2888 -0.9587
1.8 0.9718 0.9232 1.9280 0.3920 0.1412 -0.5426

2.0 0.9876 0.9554 2.3042 0.2575 0.0620 -0.2723
2.2 0.9951 0.9758 2.6908 0.1563 0.0243 -0.1207
2.4 0.9983 0.9878 3.0837 0.0877 0.0085 -0.0471
2.6 0.9995 0.9942 3.4802 0.0455 0.0026 -0.0162
2.8 0.9998 0.9975 3.8786 o.o218 0.0008 -0.0049
2.9 0.9999 0.9989 4.o782 o.o146 0.0004 -0.0025

(c1v 0.01)

0 0 0 -0.0049 1. 3238 10.0 -7.86o8
0.2 o.1559 0.1323 0.0218 1.3227 8.o406 -7.8506
0.4 o.3108 0.264o 0.1016 1.3D76 6.8922 -7.7062
0.6 0.4606 0.3928 0.2339 1.2656 5.3938 -7.3084
0.8 0.5995 o.5158 0.4166 1.1869 4.0047 -6.5848

1.0 0.7209 o.6288 o.6466 1.o68 2.7906 -5.467
.2 0.8194 0.7282 0.9191 0.9138 1.8054 -4.3o42

1.4 0.8926 0.8108 1.2278 0.7377 1.0735 -3.0373
1.6 o.9419 0.8756 1.566o 0.5581 0.5812 -1.9282
1.8 0.9716 0.9230 1.9264 0.3937 0.2842 -1.0920

2.0 0.9875 0.9553 2.3025 o.2580 o.1248 -0.5484
2.2 0.9951 0.9757 2.6891 0.1566 o.0490 -o.2431
2.4 0.9983 0.9877 3.o82o 0.0880 0.0171 -0.0949
2.6 0.9995 o.9942 3.4786 0.0456 0.0054 -0.0326
2.8 0.9998 0.9975 3.8770 0.0219 o.oo15 -0.0098
2.9 0.9999 0.9998 4.o766 o.o147 0.0008 -0.0051
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Table 4 (Contd.)

CwI YO Y2 Y3

_ __ (c2. .0.2)

0 0 0 -0.1167 1.2226 0.2000 -0.1521
0.2 0.1288 0.1224 -0.0876 1.2488 0.1742 -0.1566
0.4 0.2644 0.2471 -0.oo16 1.261o 0.1471 -0.1588
0.6 0.4o036 O.3718 0.1387 1.2451 0.1193 -0.1559
0.8 0.54o08 0.4932 0.3296 1.1894 0.0918 -0.1456

1.o 0.6683 0.6070 o.5664 1.0886 0.0663 -0.1272
1.2 0.777 0.7087 0.8435 0.96 o.o444 -0.1023
1.4 0.8636 0.7948 1.1545 0.7757 0.0273 -0.0747
1.6 0.9239 0.8633 1.4929 0.5957 0.0152 -0.0489
1.8 o.9617 o.9142 1.8526 o.4265 0.0076 -0.0285

2.0 0.9827 o.9495 2.2275 0.2837 0.0034 -0.0147
2.2 0.9930 0.9721 2.6130 0.1749 0.0014 -0.0067
2.4 0.9974 0.9856 3.0051 0.0997 0.0005 -0.0027
2.6 0.9991 0.9930 3.4011 0.0526 0.0002 -0.0009
2.8 0.9996 0.9968 3.7992 0.0256 0.0000 -0.0003
2.9 0.9998 0.9978 3.9987 0.0173 0.0000 -0.0002

(,. 0.4)
0 0 0 -0.2988 1.0581 0.4oo -0.2922

0.2 0.1000 0.1071 -0.2671 1.1198 o.36oo -0.3110
0.4 o.212 0.2199 .0.1742 1.1706 0.3152 -0.3274
0.6 0.3354 0.3368 -0.0246 1.1948 0.2658 -0.3357
0.8 o.4670 o.454 0.1761 1.1780 o.2132 -0.395

1.0 0.5998 0.5682 o.22 1.1111 0.1601 -0.3039
1.2 0.7242 0.6731 0.7034 0.9942 0.1103 -0.2587
1.4 0.832 o.76" 1.0158 0.8382 o.o679 -0.1999
1.6 o.91o7 0.8394 1.3523 o.6621 0,0357 -0.1383
1.8 o.968 0.8968 1.7077 0.4879 o.o141 -0.0849

2.0 0.9967 0.9376 2.0774 0.3343 0.0013 -0.0460
2.2 1.0131 o.9647 2.4774 0.2124 -0.0052 -0.0219
2.4 1.0206 0.9813 2.8445 0.1250 -0.0082 -0.0092
2.6 1.0235 0.9907 3.2360 0.0680 0.0094 -.003
2.8 1.0246 0.9957 3.6301 0.32 -0.0098 -0.0011
2.9 1.0248 0.9971 3.82%6 0.0236 -0.0099 -0.00o6
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Table 4 (Ceutd.)

ci o -2 C,, u
(Cl, 0.6)

0 0 0 -o.6018 o.811o 0.6oo0 -0.3921.
0.2 0.O666 0,0846 -0680o o9108 0.5600 4-0,308
0.4 0.1455 0.1790 -0.14651.0095 0.5127 -0.4711
0.6 0.2386 0.2823 -0.3076 1.o9o4 0.4568 -0.5067
0.8 0.34& 0.3919 -0.0919 1.1350 0.3921 -0.5279

.o 0. 4669 o.5o36 0.1696 1.1271 0.319B -05236
1.2 0.5937 o.612o o.467o 10590 0.2438 -0.4"
1.4 o.716o 0.7110 0.7912 0.9354 091704 -0.o96
1.6 o.82i6 0.796o 1.1350 07728 0.3070 -0,319
1.8 0.9017 o.8642 1.4935 0.5950 0.0590 -0.2089

2.0 0.9543 0.9149 1.8636 o.4257 0.0274 -0.1233
2.2 o.9843 0.9500 2.2429 0.2825 0.0094 -0.0638
2.4 0.9990 0,9725 2.6293 o.1736 0.0006 -0.0289
2.6 1.0054 0.9859 3,0206 0.0986 -0.0032 -0015
2.8 1.08 0.9932 3.4152 0.0518 -0.0047 -0.0040
2.9 1.0083 10.9954 3.6132 0.0365 -o.oo5o -0.0022

(c1v - 0.8)

0 0 0 -1.2249 0.3702 0.8000 -0.3993
0.2 0.0321 0.0124 -1.1983 0. 4733 0.7743 -0.450o2
0.4 0.0713 0.09o -1.1154 0.5977 0.7429 -0.5096
0.6 o.1200 o.1624 -0.973D 0.7368 0.70o40 -0.576o
0.8 0.1807 0.2424 -0.7707 0.8766 0.6554 -0.6451

1.0 0.2562 0.3350 -0.5127 0.9957 0.5950 -0.7O82
1.2 0.386 04369 -092076 1.0695 0 2.1 -0,7515
1.4 0.4578 0.59 0.1321 1.OT9 01337 -0.7566
1.6 0.5790 o.6463 0.4936 1.0139 0.3368 -0.7071
1.8 07013 07404 0.8662 0.8867 0.2389 -0.5990

2.0 0.8101 0.82O2 1.2437 o.7196 0.1519 -O.4502
2.2 0.8933 0.8828 1.6242 0.5411 0.0854 -0.2959
2.4 0.9474 0.9283 2.0080 0.3768 0.021u -0.1690
2.6 0.9773 0.9590 2.3958 0.2428 0.0182 -o.o8o
2.8 0.9915 0.9780 2.7876 0.1446 0.0068 -0.0364
2.9 0.9951 0.9843 2.98W8 0.1084 0.0039 -o.o228
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